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Abstract
In this paper, we first obtain a sharp upper bound for the eigenvalues of the adjacency
matrix of the line graph of a graph. Then this result is used to present a sharp upper bound
for the Laplacian eigenvalues. Another sharp upper bound is presented also. Moreover, we
determine all extreme graphs which attain these upper bounds. In last, two examples illustrate
that our results are, in some sense, best.
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1. Introduction
Let G = (V ,E) be a simple graph with vertex set V (G) = {v1, . . . , vn} and edge
set E(G). Denote by d(vi) the degree of vertex vi . If D(G) = diag(du, u ∈ V ) is
the diagonal matrix of vertex degrees of G and A(G) is the (0, 1) adjacency matrix
of G, then the matrix L(G) = D(G) − A(G) is called the Laplacian matrix of a
graph G. Moreover the eigenvalues of L(G) are called Laplacian eigenvalues of G.
The largest eigenvalue of L(G) is denoted by λ(G). Moreover, if X is a symmetric
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matrix, the largest eigenvalue of X is denoted by µ(X). The line graph H of a graph
G is defined by V (H) = E(G), where any two vertices in H are adjacent if and only
if they are adjacent as edges of G. Many researchers have investigated upper bounds
for λ(G). Let us recall some known results.
In 1985, Anderson and Morley [1] showed that
λ(G)  max{d(u) + d(v)|(u, v) ∈ E(G)}. (1)
In 1997, Li and Zhang [7] gave an upper bound.
λ(G)  2 +√(r − 2)(s − 2), (2)
where r = max{d(u) + d(v)|(u, v) ∈ E(G)} and s = max{d(u) + d(v)|(u, v)
∈ E(G) − (x, y)} with (x, y) ∈ E(G) such that d(x) + d(y) = r .
In 1998, Merris [9] presented an upper bound in term of average 2-degree.
λ(G)  max{d(v) + m(v)|v ∈ V (G)}, (3)
where m(v) is the average of the degrees of the vertices adjacent to v, which is called
average 2-degree of vertex v.
In 2000, Rojo et al. [10] obtained an always nontrivial bound as follows:
λ(G)  max{d(u) + d(v) − |N(u) ∩ N(v)| |u /= v}, (4)
where N(u) is the set of neighbor of u.
In 2001, Li and Pan [6] showed that
λ(G)  max
{√
2d(v)(d(v) + m(v)) |v ∈ V (G)}. (5)
In 2002, Shu et al. [11] gave an upper bound in terms of degree sequences.
Assume that the degree sequence of G is d1  d2  · · ·  dn. Then
λ(G)  dn + 12 +
√√√√(dn − 12
)2
+
n∑
i=1
di(di − dn). (6)
In this paper, we present two sharp bounds in terms of degree sequence and aver-
age 2-degree as follows:
Theorem 1.1. Let G be a simple connected graph. Then
λ(G)  max
{
2 +√d(u)(d(u) + m(u) − 4) + d(v)(d(v) + m(v) − 4) + 4},
(7)
where the maximum is taken over all pairs (u, v) ∈ E(G). Moreover, equality in (7)
holds if and only if G is bipartite regular or semi-regular (i.e., there exists a bipartite
partition of G such that the degrees of all vertices in each partitions are the same),
or a path of order 4.
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Theorem 1.2. Let G be a simple connected graph. Then
λ(G)  max
{
d(v) +√d(v)m(v) | v ∈ V (G)}, (8)
with equality if and only if G is bipartite regular or semi-regular.
The terminology and notations not defined may be found in [2,4,5]. The rest of
this paper is organized as follows. In Section 2, we present a sharp upper bound for
the largest eigenvalue of the adjacency matrix of the line graph of a graph in terms
of degree and average 2-degree. This result is used, in Section 3, to provide proofs
of Theorems 1.1 and 1.2. In Section 4, we compare our bounds with known bounds
and two examples illustrate that Theorems 1.1 and 1.2 are, in some sense, best.
2. Eigenvalues of line graphs
In order to obtain a sharp upper bound for the largest eigenvalue of the adjacency
matrix of the line graph of a graph, we need some lemmas.
Lemma 2.1. Let G be a simple connected graph. Then (i) The line graph H of G
is regular if and only if G is regular or semi-regular. (ii) The line graph H of G is
semi-regular and not regular if and only if G is a path of order 4.
Proof. It follows from Lemmas 3.4 and 3.5 in [12]. 
A matrix X is row-regular (column-regular) if all row (column) sums ri(X) are
equal. For each i, let Ri(X) =∑ni=1 xij rj and R(X) = max{Ri(X)| 1  i  n}.
Cao in [3] obtained the following result.
Lemma 2.2. Let X be an n × n nonnegative irreducible symmetric matrix. Then the
largest eigenvalue µ(X) of X satisfies
µ(X) 
√
R(X) (9)
with equality if and only if X is row-regular or there exists a permutation matrix P
such that PAP T is in the form
(
0 Y
Y T 0
)
, where Y is row-regular and column-
regular.
We are ready to present a sharp bound for the largest eigenvalue of the adjacency
matrix of the line graph of a graph G.
Theorem 2.3. Let G be a simple connected graph and H be the line graph of G.
Then the largest eigenvalue of the adjacency matrix A(H) of H satisfies
µ(A(H))  max
{√
d(u)(d(u) + m(u) − 4) + d(v)(d(v) + m(v) − 4) + 4},
(10)
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where the maximum is taken over all pair (u, v) ∈ E(G). Moreover, equality in (10)
holds if and only if G is regular, or semi-regular, or a path of order 4.
Proof. It is easy to see that the euvth row sum in A(H) = (aepq ,exy ) is equal to
r(euv) = d(u) + d(v) − 2, where euv = (u, v) ∈ E(G) is an edge of G. Then
Ruv(A(H)) =
∑
(euv,epq )∈E(H)
aeuv,epq r(epq)
=
∑
(u,q)∈E(G)
r(euq) +
∑
(p,v)∈E(G)
r(epv) − 2r(euv)
= d(u)(d(u) + m(u) − 4) + d(v)(d(v) + m(v) − 4) + 4.
Hence it follows from Lemma 2.2 that (10) holds. Moreover, equality in (10) holds
if and only if H is regular or semi-regular by Lemma 2.2. Therefore, by Lemma
2.1, equality in (10) holds if and only if G is regular, or semi-regular, or a path of
order 4. 
Remark 1. If we apply Lemma 2.2 to the nonnegative irreducible symmetric matrix
A(H) + 2I , where I is the identity matrix of order |E(G)|, it is easy to obtain the
following result by a similar argument.
Theorem 2.4. Let G be a simple connected graph and H be the line graph of G.
Then the largest eigenvalue of the adjacency matrix A(H) of H satisfies
µ(A(H))  max
{√
d(u)(d(u) + m(u)) + d(v)(d(v) + m(v)) − 2},
(11)
where the maximum is taken over all pair (u, v) ∈ E(G). Moreover, equality in (11)
holds if and only if G is regular, or semi-regular.
3. Laplacian eigenvalues of a graph
In order to obtain sharp upper bounds for the Laplacian eigenvalues, we need the
following lemma from [11].
Lemma 3.1. Let G be a simple connected graph and µ(A(H)) be the largest eigen-
value of the adjacency matrix of the line graph H of G. Then
λ(G)  2 + µ(A(H)), (12)
with equality holding if and only if G is bipartite.
Now we are ready to provide proofs of Theorems 1.1 and 1.2.
Proof of Theorem 1.1. It follows directly from Theorem 2.3 and Lemma 3.1. 
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Similarly, we may get another bound by Theorem 2.4 and Lemma 3.1.
Theorem 3.2. Let G be a simple graph of order n. Then
λ(G)  max
{√
d(u)(d(u) + m(u)) + d(v)(d(v) + m(v))}, (13)
where the maximum is taken over all pair (u, v) ∈ E(G). Moreover equality in (13)
holds if and only if G is bipartite regular or semi-regular.
Proof. It follows from Theorem 2.4 and Lemma 3.1. 
Proof of Theorem 1.2. Let x = (x(v), v ∈ V (G))T be an eigenvector with ||x||2 =
1 corresponding to λ(G). Thus L(G)x = λ(G)x. Hence for any u ∈ V (G), λ(G)xu =
d(u)xu −∑v∈V (G) auvxv =∑(u,v)∈E(G)(xu − xv). By the Cauchy–Schwarz ineq-
uality, we have
λ(G)2x2u 

 ∑
(u,v)∈E(G)
12



 ∑
(u,v)∈E(G)
(xu − xv)2


= d(u)2x2u + 2d(u)x2u(λ − d(u)) + d(u)
∑
(u,v)∈E(G)
x2v .
Hence ∑
u∈V (G)
λ(G)2x2u 
∑
u∈V (G)
(2d(u)λ − d(u)2)x2u +
∑
u∈V (G)
d(u)
∑
(u,v)∈E(G)
x2v
=
∑
u∈V (G)
(2d(u)λ − d(u)2)x2u +
∑
u∈V (G)
d(u)m(u)x2u.
Therefore, we have∑
u∈V (G)
(λ(G)2 − 2d(u)λ(G) + d(u)2 − d(u)m(u))x2u  0.
Then there must exist a vertex u such that
λ(G)2 − 2d(u)λ(G) + d(u)2 − d(u)m(u)  0,
which implies λ(G)  d(u) + √d(u)m(u). it follows that (8) holds.
If G is bipartite regular or semi-regular, it is easy to see that equality in (8) holds
by a simply calculation.
Conversely, if equality in (8) holds, it follows from the above proof that for each
u ∈ V (G), (u, v) ∈ E(G), (u,w) ∈ E(G), we have xu − xv = xu − xw, which im-
plies that all xv are equal for all vertices adjacent to vertex u. Fixed a vertex w ∈
V (G), we may define that V1(G) = {v ∈ V (G)| the distance between v and w is
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even} and V2(G) = {v ∈ V (G)| the distance between v and w is odd}. Clearly, V1
and V2 are a partition of V (G). Since G is connected, it is not difficult to see that
all xv are equal for any v ∈ V1 and denoted by a, and that all xv are equal for
any v ∈ V2 and denoted by b. We claim that G is bipartite. In fact, if there exists
an edge (u1, u2) ∈ E(G), where u1, u2 ∈ V1 or u1, u2 ∈ V2, then a = b. Hence
λ(G)xw =∑(v,w)∈E(G)(xw − xv)) = 0 which implies xw = 0. Therefore x = 0 and
it is a contradiction. For any u ∈ V1, we have λ(G)xu =∑(v,u)∈E(G)(xu − xv)) =
(a − b)d(u), which result in d(u) = aλ(G)
a−b for any u ∈ V1. Similarly, d(u) = −bλ(G)a−b
for any u ∈ V2. Hence we conclude that G is regular or semi-regular. 
4. Remark and example
Remark 2. First, the main results in this paper may be extended to mixed graphs
(the reader may refer to [12]). In fact, we may only modify slightly the proofs of
Theorems 1.1 and 1.2 and utilize the properties of mixed graphs in [12]. Second,
since d(u) + √d(u)m(u)  √2d(u)(d(u) + m(u)) for any u ∈ V (G), we have that
(8) is always better than (5). Moreover, it is easy to see that (2) is always better than
(1). However, the rest upper bounds, in general, are not comparable. Let us present
two examples to illustrate that (7) and (8) are, in some cases, best.
Example 4.1. Let G1 and G2 be trees of order 9 and 18 respectively in Fig. 1.
We summarize all known upper bounds for the largest eigenvalue of the Laplacian
matrix of a graph as follows:
λ1(L(G)) (1) (2) (3) (4) (5) (6) (7) (8) (13)
G1 5.303 6 6 6 7 6.481 6.623 5.606 6.236 5.745
G2 5.764 7 7 6.667 7 6.633 9.262 6.472 6.449 6.481
Hence bound (7) is the best in all known upper bounds for G1, while bound (8) is
the best in all known upper bounds for G2.
Fig. 1.
X.-D. Zhang / Linear Algebra and its Applications 376 (2004) 207–213 213
Acknowledgements
The author would like to thank the referee very much for valuable suggestions,
comments and corrections which results in an improvement of the original manu-
script.
References
[1] W.N. Anderson, T.D. Morley, Eigenvalues of the Laplacian of a graph, Linear Multilinear Algebra
18 (1985) 141–145.
[2] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, Macmillan Press, New York, 1976.
[3] D. Cao, Bounds on eigenvalues and chromatic numbers, Linear Algebra Appl. 270 (1998) 1–13.
[4] R. Grone, R. Merris, V.S. Sunder, The Laplacian spectrum of a graph, SIAM J. Matrix Anal. Appl.
11 (1990) 218–238.
[5] R. Grone, R. Merris, The Laplacian spectrum of a graph. II, SIAM J. Discrete Math. 7 (2) (1994)
221–229.
[6] J.S. Li, Y.L. Pan, De Caen’s inequality and bounds on the largest Laplacian eigenvalue of a graph,
Linear Algebra Appl. 328 (2001) 153–160.
[7] J.S. Li, X.D. Zhang, A new upper bound for eigenvalues matrix of a graph, Linear Algebra Appl.
265 (1997) 93–100.
[8] R. Merris, Laplacian matrices of graphs: a survey, Linear Algebra Appl. 197–198 (1994) 143–176.
[9] R. Merris, A note on Laplacian graph eigenvalues, Linear Algebra Appl. 285 (1998) 33–35.
[10] O. Rojo, R. Soto, H. Rojo, An always nontrivial upper bound for Laplacian graph eigenvalues,
Linear Algebra Appl. 312 (2000) 155–159.
[11] J.L. Shu, Y. Hong, R.K. Wen, A sharp upper bound on the largest eigenvalue of the Laplacian matrix
of a graph, Linear Algebra Appl. 347 (2002) 123–129.
[12] X.D. Zhang, J.S. Li, The Laplacian spectrum of a mixed graph, Linear Algebra Appl. 353 (2002)
11–20.
